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Abstract

We wish to compute Lorentz forces, equilibrium stress and stored energy in thin multipole magnets (Fig. 1),
that are proportional to cos(nf) and whose strength varies purely as a Fourier sinusoidal series of the longitudinal
coordinate z ( say proportional to COS@L—LEEE where L denotes the half-period and m=1,2,3 ...). We shall
demonstrate that in cases where the current is situated on such a surface of discontinuity at r=R (i.e. J=£f(0,z)), by
computing the Lorentz force and solving the state of equilibrium on that surface, a closed form solution can be
obtained for single function magnets as well as for any combination of interacting nested multi function magnets.

The results that have been obtained, indicate that the total axial force on the end of a single multipole magnet
n is independent (orthogonal) to any other multipole magnet i as long as n # 2. The same is true for the stored
energy, the total energy of a nested set of multipole magnets is equal to the some of the energy of the individual
magnets (of the same period length 2L). Finally we demonstrate our results on a nested set of magnets a dipole
(n=1) and a quadrupole (n=2) that have an identical single periodicity w;.

We show that in the limiting 2D case ( period 2L tends to infinity), the force reduces to the commonly
known 2D case.

2L

Figure 1 View of a full period array of a single function (m=1) quad.

Lorentz Force on a Surface of Discontinuity

The Lorentz force density on a thin surface of discontinuity® (per unit area s) may be expressed as given by

i

| I

= =fo=Jdyx <B>

tn

where < B > denotes the average magnetic field on the surface < B>= Eljzﬁl and J; corresponds to the surface
current density. In a previous note™ we derived the magnetic field components inside and outside a current sheet
for an ideal current density that is proportional to cosine nd. We shall evaluate < B >, compute the Lorentz force
f, express the equilibrium condition on a surface element and solve for the total force as a function of position (to
simplify the analysis we have not included contributions from a highly permeable iron yoke).

b Utility of the Maxwell Stress Tensor for Computing Magnetic Forces — L.Jackson Laslett, Lawerence Berkeley

Laboratory, report ERAN-160, August 24 1971.
¢ Combined Right and Left Hand Helical Function Magnets, SC-MAG-534, January 1996.
4 Magnetic Field Components in a Sinusoidally Varying Helical Wiggler, LBL-35928, SC-MAG-464, July 1994.
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The field on the inside, outside and on a current sheet is,

r<R

i
B e e E E G, mwm I (W) sin nd cos wp, z

n=1m=1

1
= - E E nGp,m—In(wnt) cos nl coswy, z
r

n=1m=1

E E Gr,mWm In(wmr) sin nf sinwy, z

n=1m=1

2R :

Z z G mitiin id ;J'ZR)) K; (wmr) sin nl cos w2

n=1m=1

(’-’-’mR)
Z z nGy, mK ( - — K (wmt) cos nbl cos wy, z

n=1m=1

me) o .
B, = Z Z Gn,mw mK (n ) Ky (wmr) sin nf sinwmz

n=1m=1

r=R :

< By == — E Z Gn,mwmI;(me) sin nd cos w, z

n=1m=1

" 1 (I (Wi B) Kn(wm R)]

< By >= 3 Z Z nGu.m my K (onF) cos nll cos wy, z
n=1m=1

B In(wnmR)Ky(wm R)] . ;

< B, %= —"Z_:lmz_: Gp.miy K (wmF) sin nf sin wy, z
We substitute
2m — 1 2 \"
wm = (TnT)?r and Gﬂ m — H'Rn (me) Bn,m

where n=1,2,3.... denotes a magnet type such as a dipole, quadrupole etc, nB,;, denotes the dipole, gradient etc
and m=1,2,3...., corresponds to a given periodicity where L is the half period. We consider the term (wpR) to
be the argument of all Modified Bessel functions I, and K, and all derivatives of such functions taken to be
with respect to that argument.



We may express the field directly in terms of current density (see following page)

r<R
= Ko Z Z Jon,m (wn R K,, (me)I;(wmr) sin nf cos wy, z
n=1m=
I
By = po Z Z Gy A I(“(me) n(wnr) cos 1l cos wy, 2
n=1 m=1 3
= —fip Z Z Jonm G K (W BR) [ (wmr) sin nl sin wpy, z
n=1m=1
2R
= o Z Z Jon m I (wm R) K, (wmr) sin nd cos wp z
n=1m=1
K
By = po Z Z Jon,mwm R I"(me)M cos nl cos wy z
n=1 m=1
(wmR)® il
B, = —uq Z Z Jonum I, (wm R) K (W) sin nf sin wy, z
n=1m=1 o
r=R

2
< By >= Z Z Jon,m@I;(me)K;(me) sin nf cos wp, 2

n=1m=

<. By 5= 2 Z Z Jon,mwm R[In(wm R) Ky (me)]' cos nl cos wp,z

n=1m=1

< B, >=- Z Z: Ji nm(me) [In(wmR) Ky, (me)] sin nd sin wy, z

n=1m=1




In Reference® we have expressed the current density as J = Jyég + J.€, and its components as,

Current Density

J(0,2)|r=p = —

(Oér
, Z Z K sm n0 sin w,, zéy
l H‘1J i
[o Z Z nG'n ,m cos nl coswmy, zé
il JE me) o
\ n=1m=1

7

Such a pair satisfies the conservation condition V - J"; &= %J; + —j{%‘—’aﬂ = 0 as required.

We may wish to express Gy, in terms of the current density or the total current per pole (Amp-turn) a
procedure first introduced in Reference®®

The component of current density at =0 and z=0 is purely in the z direction J = J,&, = Jo, therefore

JO T !
G = _.-—-:l’—npgme?'Kn(me)
and the current density,
( 0é, )
Z Z JUn,m . . -
_ W R sin nd sin wy, z€ég
J(g'-' z)|T=R = < n=1m=1
Z Z Jon,m cos nl cos wp z€,
\ n=1m=1 J

Integrating the current density, the total Amp-turn is,

ry
R Gn,m
Iym = Jonm j cosnfRdf = Jﬂn,m; = _ﬂowm RK (om B)
0
or,
Gn,m = _In,mFOWmR-K:;_(me)
n
Jﬂn,m = EIn,m

e

Forces in a Thin Cosine(n#) Helical Wiggler, LBL-36988, SC-MAG-495, March 1995.
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Figure 2 Forces on a current sheet. The f's are the local Lorentz forces and the P’s are the local equilibrium forces

Lorentz Force

The Lorentz force on a current sheet is

L AP . B ép &g &,
i = T = Jx < B o= 0 Jy I

<B,> <By> <B,>

f=Ws<B;>-J,<By>)e,+J,<B,>8—-Jy< B,>8,

We compute the Lorentz force components by substituting the average field and current density,

p‘:

Li(wj R)Ki(w;R)]
2pgRZZZZZGan.J[ (wj R)Ki(w; )] o

K, (wmR) K, (w; R)

% (ij sin nf sin wy, 2 sin 1 sinw;z +

mmzzzznanmaﬂ,(%) )

K (wnR) cos nf cos w2 sin 10 cos wjz
I(w;
Je= #ORZ ZZZZG“”‘"GJWJRI(

R)
om ) sin nf sin wp, z sin 460 cos w; 2

cos nfl cos wy z cos 16 sin wjz
wm R

Equilibrium

The equilibrium of a current carrying surface element 666z requires that, (Fig. 2)

P&, + f,R6062¢8, + d(Pady) + foR606284 + d(P.é,) + f.R60628, = 0

where the f’s are the local Lorentz body forces and the P’s are the total equilibrium forces
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We shall make the following substitutions :

»w P,
Fo = Rovs

pé:@

dz
U sz
P =
“ Rdf
where P’ is a force per unit length and P” is a force per unit area.

since :
d(Pyé '
(di 0) _ o
d(Pzéz) _ LA
Rd0 2%
dey _ _,
o — °
the resulting three differential equations are :

Py, 4Py, . .. 4B, . ..
Egep + R—dgea + foeg + I, o + f:é: =0

"

or

’
Solution to Pg

In solving P,;

dP,

a ~ e

we shall make use of,

U

8 cos(n—i)f  cos(n+1i)f 0. vy
/ cosnf sinif df’ =

2(n — i) 2n+1)
" cos 2nf’ 1
8 4n

V"
2n



cos (n — )6 _ cos (n+1)0 n .o

’ =3 sSin— n 7£ 7
! ' 2An =1 ' E — 2
/ cosnf sinif df = (n—1) 2(n +1) L et 2n
i cos® nf
i _ .
2n 2n

so that

/]
P;:—R/‘fgdo

o w] (wJR) .
- #ORZZZZRG" an:,j( )K @) COS Wi 2 COS Wj 2 X

m

cos(n—1)0 cos(n+1t)d n . om ;
2(n —1) 2(n + 1) nE_g2 oy F1
B cos? nf 3
o = i

Expressing the force in terms of current density,

4wmw

GnmGij = b R* =22 Jou mdoi i K (wm R) K (w; R)

UJ R ']
= —uoR Z Z Z Z Jtn,mdoi g Jz ) K; i(wjR)I;(wj R) cos wm z coswjz X

cos(n—é)f cos(n+i)d  n sin i g
" 2(n — 1) 2(n + 1) n?—12  2n
cos? nf
D R
2n
’
Solution to Pz
In solving P;,
dP,
dz I
we shall make use of the following integration,
, cos (wm — wj)z o8 (wm + wj)z =, vy
f , : , 2(wm — wj) 2(wm + wj)
sinwmz cosw;jz dz = s
L €08 2wz 2, e ]

4wm




cos (wm —wj)z  cos (wm + wj)z Wm

z — — + m ]
/ : : 2(wm — wj) w2, —w? 7J
: ]
sinwpz cosw;jz dz =
sin? w2
-L _ m =)
2w,
Integrating the force between the limits z =—Land z = z the axial force is therefore,

—_{ fudz

1 - L(wjR) . -
i 2uo R ; ; ; Z): Gn.mcu,jwjm sin nd sin 16 x

cos (W —wj)z  cos(wm + wj)z 2wm m #£j
(m—w)  (omtw)  wh—u?

sin® wy, 2 m=jJ

W -

and by replacing G, , with the expression for current density,

wiR 2 me ' / b -y
= % Z Z Z Z '(J+‘—)‘J0n,m~]0i,j1i(ij)I{i(ij) sin nf sin 160 x
n m 1 7

_ €08 (wm —wj)z  cos (wm + wj)z & 20m - m %
(W — wj) (Wm +wj) " wh - w
Sirl2 Wmz ]
m=j
Wm
The maximum axial force is at the magnet ends i.e. at z = %,
2w .
ZEZZG G I(wJR) sin nf sin 20 wfzn_w? o
z 2#0R n,m\Ii,j JI( ( R) 1 j
—_— m =
Win

2
The total axial force over the end is,P; = [P,
0




For i=n

Plgny [ 225 o 44
b |
240 Z Z E CnmGui g o ) K, (wnR) { Wi 4y }

m=j
or
1rR2,u,g (W R)(w; R) 2 QLWJz m £ f
Foi= 9 Z ; Z Jﬂn,mJﬁn,j_TJIn (WJR).KR(UJJR) { tl-'-’?n — Wy . }
" ¥ m=]}

and forn £ ¢ , By =0
We note that the total axial force on the end of magnet type n is independent (orthogonal) to any nested

magnet type i as long as ¢ # n.
In the above integration we have used,

2r .
. g 0 n #:
sin nf sin :0d0 = ,
T n=t¢
0

"
Solution to F o p

. " . . . . - - .
We express the local radial pressure P, , which is a reactive compressive pressure directed inwards in the
—p direction, as :

P,
=—f, 9
\ Tw: Rsin nd sin i6 si s
e ZZZZG - (i{w;R)Ki(w;R)) w;j R sinnd sin 10 sinwp, z sinwjz+
" 2uoR? - W K (wmR)K (Wi R) | + wnR cos nl cos 10 cos wpy z coswj 2
m
s i(w;R) _
- RQZZZZRG’”“G’J( )K o) COS W, Z COS Wj 2 X
cos(n—1)0 cos(n+1)0 n o, i _
2(n — 1) An+i) n2-2 o Sk
cos® nf ;
" 2n L




in terms of current density,

w; R sin nf sin 20 sin wy, z sinw; z+

.u ,(toR e ¢ s
Jon,mJoi —(fi(w; R)K;(w; R
Z Z Z Z 0 o ] nt ( (wJ ) (wj )) + s COSs ?10 COs LO COS Wy z COS U.)J

wm R
2
_ ,ung Z Z Z Z Jou,mJoi j-z—J i jR)K,f(ij) COS Wry Z COS Wj 2 X
m ]

cos(n—1)0 cos(n+1)0 n o, a7 ,

- 2(n —1) 2(n+1) n2_iz g 7

cosnd "

T og .

The limiting 2D case

The results of the general force equations can be reduced to the more familiar 2D case by extending the period
2L — oo. We note that for such a limit s = w, R — 0 (as well as s = w;j £ — 0) we can make use of,

)

n!

ol S5 (5)

I(s) ~ 'z(nlﬁ (i) "

o ~-2()

In(s)j(n(s) feei=

n
252

(s 2 2n
1{;((3)) ~ ‘m(ﬁ)

GamIa(s)

limss—g ORI —2nR*™ B2
) Gan,'ij(ij) i Wm
limss_, e — —2R""*—B,B;
T K (wm R) wj "
limss—o[InKa] — 0
,U'OJOn,m

limss—onBpm —

IR

10



reducing the 2D forces to :

cos(n—1)0 cos(n+1)0

. U .
, 2 . ) 20 =) et PRy, B
P, = — n By miBi ; R"
%07 wR Z Zm: Z Z,: SRS cos? nf .
- n=1
2n
' _ R COS(E? _3)6 - Co‘;(?: z'?g - pin ?—Z R
P = v & B
824 2 Z Z Z Z Jon,mJoi.s cos? né .
noom 1 7 — o n=1
The total axial force for n=i (m=j) reduces to,
T = R™(nBym)?
Pz —_ —— e
2d 1o ; -
2
o .U'OWRZ JOn,m
Faa == 4 Z n
n
(the case: n £ @ Py, = 0.
and the radial pressure is,
cos(n—14)0 cos(n+1i)d n o, ir ey
P” 2 ZZZZ B ‘B Rﬂ_l_l- 2(n—i) 2(n—|—z) nz—'ézs 2n
—  — rn 2 i
B g R sk e cos® nf
o il
or
Y N0 .
.- e g v
DR 5595 3) S S
a m § 3 _cosm? —

2n

For a single function magnet (n=i, m=j), the maximum field occurs at r=R is,

Ho Jﬂn,m
2

n—1
Bmaz,n,m = an,mR =

11




and the forces reduce tof,

2
R Bmaz.n,m )
= —— E E —_— 2 cos“nd
2d m n
n m

or

P(;Zd: HORZZ On’ cos® nd

The total axial force,

P - _'"'Rz ZB?RGE n
e Fo n W

and

2
" 1 B ‘
Pp,zd = —— E E AT s il
#0 n m B

or

pf,zd = —— Z Z ™ cos®nf

The stored energy in multipole windings

:%/]/f-ﬁ[dv

we need to integrate the vector product over the current surface only :

Calculating the stored energy from

2 L 2r L
E=ffj‘-£fda=f]j' ARdOd >
0 —L 0 -L

(the current density is generally per unit area but when applied to thin windings is per unit length and the units
of energy is J = T - A - m?).

I Forces in a Thin Cosine nf Winding — R.Meuser, Engineering Note M5266, November 15, 1978.
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The product of the current density and the vector potential® is :

e 222y s g o )i (650) + T F) i )

J A= X sin nf sin 20 sin wy, z sinw; z+
Gi; nili(w; R)K;(w; R :
pgRZZZZK ( JR) t(w:n_}??wjf(?, 4 )cosnﬂcoszﬂcoswmzcoswjz
In performing the integration we shall make use of the following integrals :

r 0 n#:q

fsin nfsini0dl = )
T ow=1

0

2x

0 n#i
/cos nd cos 10df = )
™ n=1
f 0 m#j
/smwmz sinw;zdz = )
L =
-L
L

0 m#j
]coswmz coswjzdz = )
£y me=

-L
As a result of orthogonality the stored energy reduces from a 4 sum product to a 2 sum, indicating that there
is NO MUTUAL INDUCTANCE between different multipole coils:

L Gam
1 . ZZ o) [Fiy1(wm R) Kit1(wmR) + Tic1(wm R) Ki—1(wm R)]+
=§//J/mw&_

m 2
by In(wm R) Kn(wm
0 -k 4#022[('2 me R)2 (wm B) Kn(wm F)
and since
2n2 o
Int1Kp41 + In—1Kp-1 + ——ZInKn = —2K,I,
(wm R)

the stored energy is :

5 T (wm )
- 2#022 an(m )

or dividing by the volume the energy dénsity is :

- m )
=" 2#032 ZZ "’"K (me)




Finally in terms of current density :

2 2

o Jﬂzn,m(me) ' )

e=-L 3 Y R L (@n R Ky (wn )
n m

resulting in the same expression as for helical multipole magnets®

EXAMPLE

Combined Dipole n=1 and Quadrupole n=2

The combined magnetic field of a nested dipole (n=1) and quadrupole (n=2) magnets with the same period
2Land single periodicity w; = T is,
<R

B, =— (Gl,lwlfi(wl r)sin @ + Gg’lwlI;(LUl'J') sin 20) Cosw) z

By = — (Gl,l lII (wir) cos 0 4 2G4 l1’2(w1r) cos 26‘) COS W) 2
r r
B: = (Griwih(wir)sind + Go,1wy Iz(w1r) sin 20) sinwy 2

Ij(wiR) _ I(w1 R)
o I W ol i 0+ Gy 2 ——-
g ( 15 (o) 1) 08 + Gaa g o

By = — (G1,1lefl(w1r) cos @ + 2G5 I-I—zw)—llﬁ(wlr) cos 29) COSW1 2

1
I(5(wyr) sin 20) W] COS W) Z

Ki(wiR)r " Ky(wiR) 7

I,(w1R) , I(wiR)
B, = R bt e 0 L
(Gl,l 1(w1r)sin 0 + Ga,1 K (1 R)

K (@ R) Ko(wyr)sin 20) wy sinw) z

=R :

& B} S (Gl,ﬂ;(wlR) sin 0 + Gy, Iy(wr ) sin 20 ) wy cos wi 2

1 (I (w1 R) K1 (w1 R)] [Ia(w1 R) K2 (w1 R)] 1
<Byg>=—|G - 0+2G - 20 | =
[ ( i, K (@) cost + 2G2,1 Kg(wl R) cos I Cosw) 2

2
i ( o, @ RKi (@ R) [I3(w1 R) Ko (wy R)]

< B, > =

sin @ + G2,1

, , in 20 i
5 K (@iF) Ko(w1 F) sin )wl sinw z

& The Vector Potential and Stored Energy of Thin Cosine(nf) Helical Wiggler Magnet, LBL-38075, SC-MAG-
529, December 1995.
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Where,

2 ' .

Gi1= u.)_lBl'] = —;Luszl Ky (w1 R)Jo1,1 = —poRwi K (w1 R) 11,1
8 ; :

G = 332,1 = —%szlf(g(wl R)Jo2,1 = —poRwy Ky(wi R) 121
1

and
™
W) = —
'
By, = dipole field
2B5; = gradient
The forces acting on the dipole (incorporating the relation cos @ + c°§39 = 3 cos® 0) are,

I’ w]R
P' ~ 1 i]mcosz wiz COS'2 0+
"~ 2wR 4 I’(wlR)
G1,1Gs,15—%——~% cos? 39
4711 2']3I{I(w1R) C0s” wj z COS

; R T2 (wr R)2 K (w R)I;(w; R) cos® 0+
Fy = = wy R)2 4 cos® wy z

& +J01,1J02,1( 5 §K;(w1R)I;(w1R)cos30

Figure 3 A polar plot of the magnitude of P; at z=0 in a dipole n=1 according to
PB' = cos? 0+t [cosf) 4 ﬂ“as—’l]. t=0 corresponds to a single function dipole (no quad)

15




and

2 Li(wR)
T MK (Wi R)

*~ 2R I(wR)
3G 1G = ——=
+ 2G11 2,11‘,2(%}2) c

N P
sin” 0 sin® w; z

os 0

P = Mok ng,lf;(wlR)K;(wlR)q_

z : , (wq R)2 sin? 0 sin® w; 2
2 [+ Jo1,1Jo2,115 (w1 R) Ky (wy R) cos 0

The total force acting on the dipole end is,

s o2 I;(wlR)

P, = 7
* 7 2u0 " Kj(wR)
R? ' :
. gpg (w1 R)* Iy (w1 R) Ky (w1 R)Jgy

and the radial stress is,




2 (N1(wiR) K (w1 R))

! wlh’.sin2 0 sin® wiz+

11 K (w1 R)

(Iz (w1 R)Kz (w1 R) )’

+ ——cos? O cos® wy z

}
wlR

. . « 9
w1 R sin 0 sin 20 sin” w; z+

+ G1,1G2,1

by 20 R?

I (w1 R)
2 1
+QWW@

ﬁﬁmmmmmmw

"o #ORZ

+ I wi I (w1 R) K, (wi R

K ; (w1 R)K é
cos? § cos

cos® 0 cos

2 ’
+ J01,1J02,1%l(12(w1R)Kz(wlR)) [ 9

(w1 R)

+ —— cos 0 cos 20 cos® w; 2
w1 R

21.:.)12-{-

2wlz

wi R sin? @ sin® wyz+

|

wy R sin @ sin 20 sin? w; 2+

cos? 0 cos® wy z

+

w1

+ —— cos 0 cos 20 cos® w z
[73]] R

) cos? 0 cos® wy 2+

|+

]+

44 '
i + Jo1,1J02,1 %“g-’z(‘*’l R)Ky (w1 R) cos® 0 cos® wy z
and the stored energy density,
e = 2 Li(wiR)

"~ 2uoR2 M K (w1 R)

e= B 72 (@R R (n R)
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The forces acting on the quadrupole n=2 are,
The azimuthal force,

I;(wiR) cos30 22
-G o L b 3 0— - B0
- W R o B) (“‘” - i
Py = ——# I o ]( R) cos“w z
0 2,1 49 w1 2
b W el S 20
+ 2 Ki(wiR) cos
X ' cos30 22
wRI1 T Joz,1J01,1 (WIR)ZI&I(wlR)Il (w1 R) (cos 0 — = T) £
P" - “; cos® wy z

+ Joz 1 (wlzR) Ky (wy R)Io(wy R) cos? 20

Figure 4 A polar plot of the magnitude of P; at z=0 for a quad n=2, according to
P; = cos? 20 — t[cosﬁ - &’3@2 - 243@], t=0 corresponds to a single function quad (no dipole)
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The axial force,

(w1 R)

G21G11—=——=s5in20sin0
' 1 2,1 1,11(2(w1R) sin 20 sin 0+ =
P, = iR i sin“ wp z
a 4 —Iz(wlR) sin? 20
Al Ké(wl R)

b _ 1R Joz,1901,111 (w1 R) Ky (w1 R) sin 20 sin 0+
= 2

&
4 |4

&1 (w1 R)? sin® w; z

2

Iy(wy R) Ky(wy R) sin® 20

The total force on the quad end,

n G2 I;(wlR)

Po= :
7 2u0 21Ky (w1 R)
TRy ! :
By= %(wl R)*I(w1 R) Ky (w1 R) I,
The radial pressure is,
B i . . . 2 1
ey (I (w1 B) Ky (w1 R)) wy R sin 20 sin 0 sin® w; z+ b
T Ky(wi R)K(wi R) | + ;Rcos 20 cos 0 cos? wy z
Wy

+ 2 (Ig(wlR).Kg(wlR))
e BT (o R)

' [wlﬁsinz 20 sin’ wy z+ ]

+ R cos? 20 cos® w; z

? " 2ugR? wiq
I;(w1 R) cos30 22
-9 S’ il e 0 — R e 2
Gg’lGl’II(;(wlR) (cos 3 3~ | cos w12+
L(wiR
-+ G%,I% cos? 20 cos® wy z J
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" — ‘toRz

—

w '

+ J3 1 =2 (Iz(w1 R) Ko (w1 R
02,14(2( 1R) Ka(w1R)) + 1 st o win
wi

cos30 22
3 3

= J02,1J01,1w]21; (wlR)K; (w1 RR) (cos 0 —

2
& J022,1 Lz—lfz(wlﬂ)ffg(wdi) cos® 20 cos® wy z

. : wy R sin 20 sin 0 sin’ wi1z+
Jo2,1J01,1 = (11 (w1 R) K1 (w1 R)) 3 " +
2 + cos 20 cos 0 cos”® w; z
W]H
2 wi Rsin® 20 sin® w; z+
1

}_

)

(:os2 wy 2+

and the stored energy density,

_ 1 2 I;;(‘-"’IR)
2u0R? P Ky (w1 R)

e =

L ! ’
&= _%Jgﬂ,l (w1 R)* Iy(w1 R) I (w1 )
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Simulation of Current density and flow lines

To generate flow lines we make use of a technic first demonstrated by J.Lasslet and W. Fawley of this
laboratory. The character of the flow lines for a single function magnet n, will follow from the differential

equation,

RdO 1‘2
dz  J;

Assuming the current density for magnet type n as,

= 1 Gam ’ ; nGa,m 1 "

J - - : 8 'm & : 7 9 z

G mZ:I K (on ) sin nf sin wy, z&9 + mZ:I o K (o) cos nl cos wy, z&
so that,
RO Z —(ag'”"—R)smnﬂsinwmz
dz n E %’i—tw cos né COsSwmz
m=
and
Gﬂ m
n cos nf Z Kn(wnR) i
— df — e dz=10
sinn R E mm COS W Z
or,
In(sinnd) + In z - Gm coswy,z | = const
] m = ]
= wmR K, (wnR)

So that,

const.

sinnf = =
. TR -—;——*———-K TRy COS W 2

and the flow lines are therefore,

GH m
E me Kn(wmR)

sinnf = sin 10y
mz=:1 -——me -—;—-*——-K oy €08 W

E Jt)n,m

sinnf = m=l sin nf
Y~ Jon,m COS W 2
=1

where 8y denotes the value of # at z=0.
In a special case, we may choose special values for Jo,, such that,

p _ T oM — 1Y _ 1 (2M —1)!
On,m = 53(M-1) \ M —m 00 92(M=1) (M +m — 1)I(M — m)!
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where M is the number of m terms used in a particular case and Jo, is a constant.

We note that in this particular case

- 3 oM ~14 coswmz = cosM 1 w2
2M-1) £« (M +m—1(M—m) " A
1 f: (2M —1)! -
UM=Y) £+ (M +m— 1M —m)l
and therefore the current density is,
M
1 (2M - 1)! ‘ _ 2M -1
Z Jon,m coswmz = Jop Z ) (3 £ 1 — 1)1(M — )] coS Wz = Jon cOS w12
m=1 m=1
With that the flow lines reduce to the simple expression,
) 1 _—
sinnf = m sin nfy
and the components of current density are,
0é,
- R
J(0,2)|r=r = Jon wl—(QM -1) cos M =1) 4, 2 sinw; 2 sin nbéy
n
cos?M-1 w1z cos nbé,

On the following page we demonstrate 3 cases of flow lines for M=1, M=2 and M=3 used for a quad n=2.
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C=]-UWlg pue g=]-Wg pue [=]-Wg

) O

g=]-wWg pue [=]-wg

[=1-wg

1,2,3. These special

expense of an increased non-linear field.

Figure 5 View of a full period array of a quad with m=1 only, a summation over m=1,2 , and m
cases revel the reduction in crowding between magnets al the
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Appendix A Units

3=

In MKS units :
[ : amp
B : Tesla ( or Weber/meter?)
L : meter
F : newton

J T-A
=T-4 , w=7%

Useful conversions :

multiply (N/m) by 5.710174e-3 to get (lb/inch)
multiply (N) by 0.22481 to get (Ib)

multiply (N/m?) by 1.450384e—4 to get (psi)
multiply (psi) by 6.8947 to get (MPascal)
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